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Theme of fhe [hesis

*++ 5PPARS\FICATION H’



'+ SparsiFicATIoN

“sparsification”

The word you've entered isn't in the dictionary.



Theme of e fhesis

*++ 5PPARS\FICATION §+

Kee[) only thoge ﬁ\incjs fhat S(xzak o your heort.
Then toke Che P\unge and discard all He rest .

By doing fiis, you can vesel your life and

3

. ' ebaxk 0N G new ll‘festg\e.
Marie Kondo



INTERCITY PASSENGER RAIL NETWORK e AMTRAK PASSENGER RAIL SYSTEM

January 1, 1962 s - March 1, 2005
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P Owis Jacksse

Loss-than dally service " . —— Less.than daily service

At loast dally service At least daily service
S Service at loast three times dally — Sorvice at least three times dally
— Sorvice at loast six times dally — Sorvice at least six times dally

i Ase Rakroad Passenges







Tporefseral Max  Flow

lnPuL’= undirecred Gt = (V,E)
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Tporefseri@l Max - Flow

InPuL”- undcrecredt  Or= (V,E) qumt? max s-t f(ow
)
£
#edqe d(sJo(nt =l ]Dﬁxfhe
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Tporefseri@l Max - Flow

InPuL”- undcrecredt  Or= (V,E) qumt? max s-t f(ow

AN AN
AV NV

Qk}onﬁim 2 Ford - Fulkerson



Tnoremsaiial. Max . Flow

lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

MAIN  OBIECT : Residual Graph Gyp

AN
NV

(4 wik { as above

G allows "undoing” flow by roevsing . elge e



Tporesemial. Max | Flow
lﬂPuL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(Dw
MAIN  OBIECT : Residual Graph Gyp
AN Qﬁ
NV NV
M wilf { as obove Coszponding G

Gp  allows “undoing” Pow by rversing efqe € -



Inorieal. Max . Flow
lﬂPuL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

while 3 56 palh i residual S“"fh :
ongment £ along  (his  palk
updote . vesidual. qraph by flipping edqes . on is  palh
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Inorieal. Max . Flow
lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

while 3 5>F palh i residual 3m‘>h :
augment  falong - (his palh
updote . vesidual. qraph by flipping edqes . on is  palh

O 4
NV N



Inorfseial. Mox . Flow
InPuL”- undcrecredt  Or= (V,E) qumt? max s-t f(ow

while 3 56 palh i residual S“’fh :
angment £ along (his  palk
updote  vesidual qroph by flipping edges o Bis  porh
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Inorieal. Max . Flow
lﬂ[)ut" undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

while 3 56 palh i residual S“"fh :
ongment £ along  (his  palk
updote . vesidual. qraph by flipping edqes . on is  palh
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Inorieal. Max . Flow
lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

while 3 5>F palh i residual Sm‘:h :
augment  falong - (his palh
updote . vesidual. qraph by flipping edqes . on is  palh
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/ O
D D



Inorfseial. Mox . Flow
InPuL”- undcrecredt  Or= (V,E) qumt? max s-t f(ow

while 3 56 palh i residual S“’fh :
angment £ along (his  palk
updote  vesidual qroph by flipping edges o Bis  porh

D D



Iperrsenial. Max  Flow
lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow
while 3 s-o¢ palh i . vesidual S“’fh :

augment  falong - (his palh
updote . vesidual. qraph by flipping edqes . on is  palh

ﬁunning Time?



Tporefseral Max  Flow

lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

augment  falong - (his palh
updote . vesidual. qraph by flipping edqes . on is  palh

Residual graph hos «(m) edges.



Tporefseral Max  Flow

lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

augment. £ along . (Ris  pah — 0)

updote . vesidual. graph by flipping - edges . on this patk — 0)

Residual graph hos «(m) edges.



Tporefseral Max  Flow

lﬂP&lL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

augment falong (s path —> 0n)
updote . vesidual. graph by flipping - edges . on this patk — 0)

Residual graph hos «(m) edges.

<F* Sutn wﬂmmmu'ons an omur > Total bkme = OMF*)



Tporefseral Max  Flow

lﬂ[)ut" undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow

augment falong (s path —> 0n)
updote . vesidual. graph by flipping - edges . on lhis potk — 00)

Residual graph  hes () . edges.

<F* Sutn wﬂmmmu'ons an omur > Total bkme = OMF*)



Tnoremsaiial. Max . Flow

lﬂPuL”' undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow
/“ Pt:amer;h'n :'Paﬂi: ﬂ\
while 3 sb palh o  vesidual S“"fh \ <uﬂ 7 .gg”f"s”? . 7 H/
Geg HSG«f

augment  falong - (his palh
updote . vesidual qroph by flipping - edges . on is  palh
Residual - graph has «(m) . edges.

<F* Sutn wﬂmmmu'ons an omur > Total bkme = OMF*)



Tnoremsaiial. Max . Flow

lﬂ[)ut" undcrecredt  Or= (V,E) Ouﬁmt? max s-t f(ow
/ “ Aiamer;h'n :'Pam: ﬂ \
while 3 sb palh o  vesidual S“"fh \ <uﬂ 7 .gg”f’“”f' . 7 H/
Geg HSG«f

augment  falong - (his palh
updote . vesidual. qraph by flipping edqes . on is  palh

O(nlogn)
Spusified Residual .~ graph hos ) edges

<F* suth wﬂmmmu'ons Qn oy > Total  bme = (N?(nF*)



Tporefseral Max  Flow

Kargev + [evine RO00R '.: N

I

()] F*

Qumplc‘ng nlogn  edqes 5pousifies a.p. as long s F=0



Tporefseral Max  Flow

F
v

oo st s 221 )
'/I,I///J ’
0 FY2 F X

Gompling  vlogn  edges spawsifies a.p. a5 long as F-=0

Kargev + levine 2002

AN
/

GQmPUnS enbgn  edges spawsifies a.p. as long as F< F*/z_



Iprefraral. Max . Flow

cF

0 3FY, FX

Gompling  vlogn  edges spawsifies a.p. a5 long as F-=0

Kargev + levine R00R

BQmPl«‘nS 2nbgn  edges spawsifies @.p. as long as F< F*/z

Sompling 4nlogn  edges  sparsifies a.p. a5 ong as  F<3 F*/4



Tporefseri@l Max - Flow

¢k
0 P

w-e-F* FX

Gompling  vlogn  edges spawsifies a.p. a5 long as F-=0

Kargev + levine 2002

BQmPl«‘nS 2nbgn  edges spawsifies @.p. as long as F< F*/z

QumPl«'nS 4nlbgn  edges SPONBIfiRs a.p.. 05 long s F< 3 F*/4

Gompling nlogn/z edges spossifies a.p. a9 ong as  F <(-8)F*



Incremental  Max  Flow

I<ar3ev + levine R00R

NOT  uniform sam{;h'ng R oliﬁ‘i'cult mcremenmug

Qum{)lt'ng nbgn/e edqes. sparsifies a.p. as long as = 2(=aiE







We show :

Incremental  (i-€) -max flow i O(m+0F%) okl tine



Incremental Max  Flow

We show :
Incremental  (1-€)-max flow in o(m+0F%) ol time

on edge insertion
add edge to samPled res(dual gm,oh
while 3 s->b palh o S(lmPled vesidual Sm‘:h .
ougment - along (s palh

updote vesidual Qraph - by . flipping - edqes. o his porh
resample  vesidual groph



Incremental  Max  Flow — Com]oavfson

ote ttme
ll\>d /N

n Henzingev ‘97 (exact)

/L7 owrs
van den Brand et ol 23 , Goranai SHmzmger 23 (Jm)

an

olD) \ ,

n \ von den Brand et ol 24
\ylog (n). -

POYS N

n nlt.s nll-oll) 4

n
#e.dge inserCions













The Lazﬂ Solulion ~ Oblivious  Routing

S

Conetructed  wilhoul knowing (Si,t7)  befbrehand

 Pblivious Routing <§

S
4

Si.

5~k

53~ Fs

Sy y



The Lazs Solulion ~ Oblivious  Routing

S

t
(Bource, targel) — | = on 6o

 Pblivious Routing N f(ouu <§

S
4

Si.



The Lazs Solulion ~ Oblivious  Routing

5. te Sk
......... <i§§ 5,> b
(6,5 = [ — f A




The Lazg Solulion ~ Oblivious  Routing

CRARE  Dblivious Rouling > ¢

S

2=
ty
Sa
S 3

\
/

Si.



The Lazs Solulion ~ Oblivious  Routing

S

N -%fz

oblivious (o the flow f,

S

_________ 51 <§§ ¢
 Dblivious Routing : /

(6.,6.) — | *

5~k

5,> b

Sy =y



The Lazﬂ Solulion ~ Oblivious  Routing

CRAR ~ Dblivious Routing - f

How bad are  oblivious muh‘ngsf

S

ty
Sa
S 3
1

S
4

Si.

5~k
5,> b
53~ Fs

Sy y



The Lazﬂ Solulion ~ Oblivious  Routing

Dblivious Routing > f <§7 .

on G

(63) r3») _>

Rocke ‘08 chowed o constuttion © Y demand sequentes

Oongeeh'on(OBL— RoU) < O(Log n) + OPT



Many flows o voute

6Punning Tree Routing

S 7



Manﬂ flows o voute

6P(mning Tree Routing

D

\—)t‘












Many flows o voute

6Punning Tree Routing

>t
G, tz_ 5\ (

b 5,5 b

53") tS






Manj flows o voute

6Pm\ning Tree Routing

>t
5, tz_ 5\ (

b 5,5

5 17 53 s
507 by
Racke's idea :

Keep finding brees fhat fix fhe bofflenecks of previous [rees



Many flows o voute
ﬂndevser)ﬁ(je 09
A

Combim'ng D(m) sponfing  trees  Gives 5((03 n) approximations



Many flows o foute
Combimng D(m) sponfing trees  Gives 5((03 n) approximations

“Widh"



Manﬂ flows o voute

Cﬂmbimng D(m) sponfing trees  Gives 5((03 n) approximations
[

“widR" low auemﬂe sfreteh 5Pomin8 trees
Pbrahan  Neiman 12



Manﬂ flows o voute

Combimng D(m) sponfing trees  Gives 5((03 n) approximations
Combining OWm)  eledxical flows  gives ~ O(log'n) approximalions

our yesult



Manﬂ flows o voute

Cﬂmbimng D(m) sponfing trees  Gives 5((03 n) approximations
Combining OWm)  eledxical flows  gives ~ O(log'n) approximalions
1

elecvical flow [pcalization
Sehild et al. 19



Manﬂ flows o voute

Combim'ng D(m) sponfing  trees  Gives 5((03 n) approximations
Combining OWm) efecrical Fows ~ Gives  Ollogn) approximations

AN
N W



Many flows o voute

Combim'ng D(m) sponfing  trees  Gives 5((03 n) approximations
Combining OWm) efecrical Fows ~ Gives  Ollogn) approximations

.08

b - @



Manﬂ flows o voute

f"

Combinin g D(m) sparning tees Gives  Ollog n) approximations
Combining OWm)  eledxical flows  gives ~ O(log'n) approkirmntions

Can be comPuted o O(mm) bime : dimension reducion + Laplac/an solvers

{ J

Indyk 0 @l'dmun) Teng ‘o






Manﬂ flows o Toute

ST RSN TR IS SN RN NN



Many - flows - o Toule

AN SNSRI S YR Y

ST IR



Manﬂ flows o Toute

ST RSN TR IS SN RN NN



Manﬂ flows o Toute




Limifs _ of Qi)avﬁl'fl'cah'on

We saw where sFaxsfficah'on heY)s.

ls it Possib(e fhat somelimes (t doeent ?



Limifs _ of QPGYSI'fI'CaHOn

We saw where quvsn‘f(cah'on fqu)s.

ls it Possib(e fhat somettmes i doesnt ©  Yes!

If Pfob'em i5 hard on 0w -degree N

then desree gfqvgifc'cation won F helP,



Limifs _ of Qi)avﬁl'fl'cah'on

We saw where sPavsn‘f(cah'on MY)S'

ls it Possib(e fhat somettmes i doesnt ©  Yes!

exp andev

lf Pmblem 5 hard on Ivm*deguce,e 3raf>h

expondey decomPogmon
then (ﬁ%@@“'z‘)@f&ﬁé@ﬂof\ won' help .






Litanﬂ OJC esults

Tokeaway :©  There are  hord dﬁnamic problems . of ij)undere.

condiioned on OMv,

coanot  have suhPolgnoml'Q‘
updute Gime



L;'tzmﬂ GJC results

5>t distapce
moximum - matching
denseat subgmfsh

N

Takemuaar There  are  hard dﬁnamic problems - of exjmdera

condiioned on OMv,

canot have - subpolynomial
wpdate (fme



o> distance
moximum - matching
dengeat subgmph

N

Takecxwagr There  are  hard dﬁnamic problems . of e.xp(mdera

Q

Conditioned on  OMv, Constont - clegree 3m{>hs
coannut  have 5ubPol9nomiql conakant QXP(InSI"on 3m]>h5

upd ate Gme Fower-law 9"0,;3}\5



Overview of Tethnicrl@s

Henz\'nger et a. "5 and D&hlgqqd b
ohow  lower bounds on General SmFHS



Overview of Techniques

Henz\‘ng]er et a. "5 and @ahlguqd b
ohow  lower bounds on General SmPHS

Our qudgets extend Jese o sPurse guphs

z ’/ SN Z R N T/ \




Until now : speeding U d{fnamic qroph aigorifﬁmg

Next up Pn’vate algor ffim



""" At _1“'1:.?
REREE ¥ D N A
S LS UU AN ger0e1=7 |
------ dse: I oe0?|




Unti( now : speeding U d{fnamic qroph aigorifﬁmg
INTERLUDE :  dense 9ub3vn{>hs

Next up Pn’vate algor ffim



Tensest 5ubgmf>h

density = average 7 friendships

densikg(‘a“% fedges in S

F#verlices (n 6

— /N
/\
\ \



encest 5U.bjmf>h

density = average # friendships ‘ /j %Z\

densitg(‘a% fedges in S

#vertices in S e




Tensest 5ubjmf>h

density = average 7 friendships

densitg(‘a“% fedges in S

F#verlices (n 6

ioal ~ find  high degree  subgraph

— /N
/\
\ \



TDensest 5ub3mf>h

Matule  Reck &3

b |

while 3 vertex ° \/
Yemove |owest deg. veytex \

veturn densest SubSmPh geen / \



TDensest 5ub3mf>h

while 3 vertex \/
Yemove [pwest deg. Vextex '
&)

yeturn  densest subgm]oh seen. / \‘

Q— @



TDensest 5ub3mf>h

while 3 vertex °
Yemove |lowest deg. Vextex

veturn  densest subgmfh seen.

|\/_

/

Q— @

NG



Tensest 5ub3mf>h

while 3 vertex °
Yemove |lowest des. Vextex

veturn  densest smbgmfh seen.

R

D— @



Tencest 5ub3mf>h

while 3 vertex
Yemove |lowest deg. Vextex

veturn  densest smbgm]oh seen.

/



Tencest 5ub3mf>h

while 3 vertex
Yemove |lowest deg. Vextex

veturn  densest smbgm]oh seen.

Q



while 3 vertex
Yermove lpwest deg. Vextex

veturn densest subam,:h seen.



Tencest 5ubgmf>h

while 3 vertex ° [/ i'

Yemove lpwest des. vextex

veturn densest smbgmfh seen. /



Tensest 5ub3mf>h

while 3 vertex °
Yemove |lowest des. Vextex

veturn  densest smbgmfh seen.

Thie a\aoﬁﬁim 5 o 2 ~aPProximal1'on
KCmm‘f«;w 00



Tensest 5ubgmf>h

while 3 vertex °

Yo« min deﬂ(u)
U

delete 1¢
for all w nel'gbbour of ¥

deg(w) = oleS(w)-fL

veturn  densest subamph seen.



encest 5ub8mf>h

imtdeg (w) = deg (W) Vwev

while 3 verlex while 3 verlex
(T rgn deﬂ(u) V¥ & rquin inﬁdeﬂ(u)-deldeg(u)
delete 1 delete ¢
for all w nelgbbour of 18 for all w nefghbour of 14
deg(w) = deg(w)- 1 del deg(w) = deldeg(w)+ 1

veturn  densest subSmPh seen. veturn  densest subngh seen.






Am T friends with you?

SuPPose lfey know all offer ~friendships
(Qxce(x ()ossfb(y ous )



Am T friends with you?

SuP‘)ose ey know all offer ﬁmndships
(exce(x possibly ours )

‘ They agk me :

“How mony  friends do you have 2



Am T friends with you?

Su\)‘)ose ey know all offer fh’endships
(Qxce(st possibly ours )

ﬁe9 sk me :

“How Moy friends  do Your have 2"

YN

They know we are friends — They fnow we are fiok
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 Differabiol privagy is hding ow friendstip

Jf we are friends : brue onswer =3 if we ore nob ¢ twe answer = 2
- NOisy answey = o ﬁnOi‘ejﬁdnsweri:I +noise . . .
.................. IR s
.................. 2‘5 s




Jf we are friends : brue onswer =3 if we ore nob ¢ twe answer = 2
- MOisy answer = oo noisy opswer=
Sy by
.................. NN - - e
: o NN distvributions are “cloge”

R 2 NN




Pifferealial privagy i5 hiding 0wl fn’endsNP

x’f» we  aye Fn’ends © brue onswer = 3 if we o nob - tiue answer = 2
ﬂ0i53 answey = nm’sy answer =

'\E fhe %iven answer 18 L Pr [hue answey = 3] = Pf[hue answey = 2]



..............

L2 vWN\VvY~>Y "7 J . PyYes 2. L
o/ e MU IS TR S
& e praie e e
N
D SO

.................
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.........................................

.......................................
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Pifferealial privagy i5 hiding 0wl fn’endsNP

&5 PLAG) = 2] < PLA(D = 2] < & Pr[A(6) = 2]

standard  deviotion = e




Pifferealial privagy i5 hiding 0wl fn’endsNP

= PLA() = 2] « PLA(6) = 2] < & Pe[A(R) = 2]

I
/

standard  deviotion = e

e j move Pﬁvu%
(i 1 i i\

I i 66 RCCUI
N | e W

2% x




Cifwe are friends : 3% lp(l)  if we oe nob: Ztlp()
................ 8/
e
el el
N N
e/ e e e
....... T
e e e T
D N o



How oy friends do J have ¢
\'f» we ave Fn'endﬁr i( we 0re not :

Round 1 3t LG?(VE) < ef-close = 2T m‘)(%}
Round 2 3T L(l‘)((/g) < ef-cose = 72T ’_(1\3(%;)



How oy friends do J have ¢
\'f» we ave Fﬂ'endf}i i( we 0re not :

Kound 1 3+ lop () 2t lﬁ?((/s)
Kound 2 3T Bl‘) () 2T Iﬂ?(‘/i)



How m&ny an‘en ds

\'f» we ave Fn'ends :

Kound 1 3+ lﬂ‘)(zls)

Kound 2 3+ M‘)(Z/E)
/@\ :
/3
N

do J hove ?

i( we ae notb :

21 loole) 5

2+ lap e )

€ - close



How oy friends do J have ¢

if we are friends : i we o ot
Kound 1 3t lﬂ?@/s) 2t Ul‘)@/E)
Kound 2 3T lﬂ?@/ﬁ) 2T Ul\)(%;)
Kound 3 2+ L(l\)(f‘/E) 1+ UK‘DG‘/E)
/6 /Cj

N

d—a
©

d
/



How meny  friends do J hove ? =l

\'f» we ave Fn'ends :

Round 1 3t M?(T/E)

Round - 2 3t M?(T/E)

Kound 3 2+ LG\)(T@)

Kound 4} 2+ Bl‘D(T/E)
®

/

d—a

i( we nre not :

21 lap(Te)



How oy friends do J have ¢

if we are friends : i we o ot
Round 1 31 lop(le) 21 lop(Te)
Round 2 31 Lop(k) 21 lop(Te)
Round 3 2+ lop(te) 1 Lo (Te)
Round Lt 2+ lop () 1t lop ()
Round 5 1+ lop(Te) « e =1 1 Lop(le)
P O



How oy friends do J have ¢

if we are friends : i we o ot
Round 1 3+ lop(Tk) 27 lople)
Round 2 31 Lop(k) 21 lop(Te)
Round 3 2+ lop(te) 1 Lo (Te)
Round 1 2 + Lop(e) L1 lop ()
Round 5 1+ lop(Te) 1 lop(Te)
Round 6 0+ lop(e) 0+ Lop ()

T=n % scle of noise ~ scale of apsweyr



How oy friends do J have ¢ T=6

\'F we ave Fn'endﬁ :

Round 1. 3t M?(T/E)
Round - 2 3+ M‘DWE)
Round 3 2+ lop(te)
Round 1 2+ lop(te)
Round 5 1+ lﬂ‘)(T/E)
Round 6 0+ lﬂ\)w‘&)

i( we nre not :

A L(k‘D (Tfs) veduce F rounds?
)
2T Ul‘)(%) Dhuh’pa\a ot al. 22

1+ lop(Te)
1+ lop(Te)
1+ lop(Te)
0 + loap(Te )

T=n % scle of noise ~ scale of apsweyr



How oy friends do J hove ? = 6

if we are friends : i we o ot
Round 1 31 lop(le) 21 lop(Te)
fnd 2 3+ loplik) 2 lop(te) 7 boh Afferey
Round 3 2+ lop(te) 1 Lo (Te)
Round Lt 2 1 lop () 1t lop ()
Kound 5 1+ U"?(T/E) 1T m\)%) ﬁ bolh same
Round 6 0 + lop(Tk) 0 + oo (Te)

T=n % scle of noise ~ scale of apsweyr



Did F lose a fn’end in vound t ¢

if we are friends if we or not
Round 1 NO NO
Round 2 NO NO
Rownd 3 \ES \ES
Round &+ NO o
Round 5 \ES NO

Rownd 6 \ES \ES



Did F lose a fn’end in vound t ¢

it we are friends if we o nof
Round 1 0 0
Round 2 0 0
Round 3 oL 1
Round &+ 0 0
Rund 5 1 0
Rownd 6 1 1



How oy friends do J have ¢

iv\itdes () = deg W) VweV
while 3 vertex
n 10 —deld
o« in mffdeﬂ(u) eq (W

delete ¢
for all w nel'gbbour of ¥
del deq(w) = deldeg(w) + 1.

veturn densest subamPh seen.




How oy friends do J have ¢

initleg () = deg(u) VueV — privatize  wifh LQ(D(2/£>
while 3 vertex
Vo<« in nnffdeﬂ(u)—deldeg(u)

delete 1
for all w nel'ghbour of ¥ Yo

A+4+0=7
A+4+0+1= 7

del.deg(w) = de«[»deS(LU)'l‘ 1 > PY}V@HZQ WIMR | 4+ 2v0e1s0-7

])rivate stveaming sums

veturn densest subamPh seen.




How oy friends do J have ¢

(m'tdes (w) = deg(uj VueV — b PY'lvaHze wilk La‘o(z/d
while 3 vertex *

V¥ < min inildeq(u) - deldeg () Duork et 10+ 3 Chan L.l
U

S
delete 12 00(9 need noise - saile O(long) u
for all w neighbour of 17 : T PHIY,
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